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Summary—aAfter a discussion of the general problem of coupled 
antennas, the distribution of current in a center-loaded receiving an- 
tenna with its axis in the plane of a linearly polarized electric field is 
derived, Distribution curves are shown for a wide range of lengths, 
thicknesses, and load impedances. A simple ‘‘equivalent’’ circuit is 
obtained for the loaded antenna for determining the current in the 
load. The effective length for a receiving antenna is defined and 
curves are shown for a wide range of lengths and several thicknesses. 
An expression for the power transferred to a matched load is derived 
and curves for computing it are given for antennas over the same 
range of lengths and thicknesses. Optimun conditions are discussed. 


GENERAL INTRODUCTION 


a cylindrical center-driven antenna was analyzed. 

In the present paper the distribution of current 
along a loaded receiving antenna which is in the far 
zone of a transmitter will be considered in detail. This 
is a relatively simple special case of the general problem 
of the distribution of current along two coupled anten- 
nas which will be formulated first. The formal solution 
will then be limited by the particular conditions for the 
receiving antenna, the detailed analysis of the general 
case being reserved for a later paper. 


[; A recent paper, the distribution of current along 


(1) 
Fig. 1—Orientation of the elements dz’ (along the axis) and dz 
(on the surface) for two antennas. 


Consider two straight cylindrical antennas which are 
oriented in space in an arbitrary way as shown in Fig. 
1. Let the origin of a co-ordinate system “1, 41, 21 or 
Ri, Qi, ®1 be located at the center of antenna 1; let a 
second system of co-ordinates x2, yo, 22 or Ro, Oe, Pz be 
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- located at the center of antenna 2. Whenever convenient 


the subscript 1 on the co-ordinate system of antenna 1 
will be omitted. In each case the z axis coincides with 
the axes of the antenna. As previously explained! the 
continuity of the tangential component of the electric 
field along the cylindrical envelope of each antenna 
leads in this case to 
F,* = Fy," (1a) 
Ex,' = Es,°. (1b) 
Upon introducing the internal impedance z‘ and the 
total current IJ for each conductor and making ‘use of 
the definition of the vector potential one has, just as 
before, 
(0/d21)(div Ai°) + BAL, = j(B?/w)aiih (2a) 
(0/d22) (div A2°) + B?AS, = j(8?/w)z2'Is, (2b) 
But in the present case A,° is the vector potential on the 
surface of antenna 1 due to currents not only in antenna 
1 but also in antenna 2. Similarly A, is the vector po- 
tential on the surface of antenna 2 due to Jz and hh. 
Thus, 
Ay’ = Aj,° + A}2° (3a) 
A, Ag2° + Aoi. (3b) 
Here A1,° is the vector potential on the surface of an- 
tenna 1 due to 11; A.»° is the vector potential on the sur- 
face of antenna 1 due to I2; Ax° is the vector potential 
on the surface of antenna 2 due to Iz; Ai” is the vector 
potential on the surface of antenna 2 due to 1. They 
are given by 


iat Ay e778ri1 
Ay? —-.-: I dz,’ (4a) 
4a J ny 11 
0 he e7 Briz 
Ai.° = — I,! dao! (4b) 
4a J _n, ri2 : 
ia he e7 1Br22 
Ay” = — I,! dzy' (4c) 
4ar —he Loo 
0 Ay e718 r21 
Ao)? = — i day’. (4d) 
4nd ny 721 
The following notation has been used: 
8 = 2x/d; 1 = 4 X 10-7 henry per meter 
m= VeonY tae (Sa) 
ro. = ~/ (82 — 2a')? + ae? (5b) 
ri is the distance from dz, to dz." (5c) 
ro is the distance from dzy’ to dé. (5d) 


@, is the radius of antenna 1 


a, is the radius of antenna 2. 
If the two antennas are in the far zone with respect to 
each other, and 7 is the distance between their centers 
so that one can write 
Bro >> 1; 


ro>> Ii; ro >> he, (6) 
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(4b) and (4d) reduce to 


Ter he 


T YT, hg 
Tl e7 1Br1 
=a F(a, 62). (7a) 
T Ty 
TL e7ibre hi 
A? = — Ty’ e7 i821’ cos 81’ dg! 
4dr re —hi 
TL ev ibre 
=e F(Ii, 61). (7b) 
us To 


Here 7; is the distance from the center of antenna 2 to 
the element dz; in antenna 1 and 72 is the distance from 
the center of antenna 1 to an element dz: of antenna 2 
as shown in Fig. 1. 6;' is the angle between the 2 axis 
and 72, 62’ is the angle between the z: axis and 7, 6; is the 
angle between the 2; axis and ro, and @2 is the angle be- 
tween the 2: axis and 7p. 


DIFFERENTIAL EQUATION FOR THE UNLOADED 
RECEIVING ANTENNA 


Let antenna 1 be a receiving antenna consisting of a 
straight cylindrical conductor with no impedance at its 
center. Let it be in the far zone with respect to a trans- 
mitting antenna 2, The equation (2a) applies with Aj.° 
given by (4a) and A." given by (7a). 

One can write 


A? = Kye 7871, (8a) 
From (7a):one has 
Ki. = (11/44) F (1062) /11). (8b) 


Ky is practically constant over the length of antenna 1° 
It has been shown! that the vector potential due to the 
current in an antenna is directed parallel to that antenna 
except at points very near the small end faces. Accord- 
ingly Au® has only the 2: component Au.°. Using this 
value, and with (8a) substituted in (2a) according to (3a), 
{ (97A 11,°/021?) + 6A uz} 7 { (0/021) [div, (Kise) | 
+ 8? Kys.e-1} = 7(B?/w)zr‘h. (9) 
The operation divi involves only the co-ordinates of 
antenna 1 with respect to which Ki: is sensibly constant. 
Accordingly div Ky vanishes and, writing s for ni, 
divi [Kise #87 | = (Ki, grad; e7 #88) 
= (Ki, $1) [ —jBe-#e |. (10) 
Since both Ky and the unit vector s;, directed along 
s=n, are independent of differentiation with respect to 
21, 
(8/821) [divi (Kize#*) | = (Kip, 81) { — pre i8s} (ds/0z3). (11) 
With (8a), and noting that 
(ds/dz1) = sin fi, (12) 
where @; is the complement of 6, as shown in Figs. 1 and 2, 
(0/021) [div, (Kize~ #82) | — Ss BA 125° sin 61. (13) 
Here, 
Ais? = (Kia, sie #3 


is the component of A,» parallel to the line s=n. 


(14) 


The general equation (9) may now be written as fol- 
lows: 
(07A 132°/d21?) + 8741329 + B?(Ai22° — Aig,” sin 61) 
= j(6’/w)artth. (15) 
Since the distance 7;=s is measured from the center of 
the transmitting antenna 2 to any element dz, along the 
axis of antenna 1, it is a function of 2. Thus, for an- 
tenna 1 in the far zone with respect to antenna 2 one has 
(see Fig. 1) 
r= s=ry — 2 8in fy. (16) 
Here 6; is the angle between the axis of antenna 1 anda 
perpendicular dropped from dz: on to rp as shown in 
Figs. 1 and 2. 
Thus Ai2® = Kyze~i* = Kye treet i821 sin 1, 
This may be rearranged as follows: 
Ais9= }[A12°(z) +A1s°(—2) |+4[A1.°() —Aro’(—2)] (18) 
with 
Lf Ays*(z) + Are®(— 2) | = Ky2e-*87 cos (Bz; sin 8,) (18a) 
$[A12°(z) — Ar°(— 2)] = j7Kize~®* sin (Bz: sin 61). (18b) 
The relation (18a) implies the following symmetry rela- 
tions: 
Ay0°(z) = A12°(— 2); 


(17) 


I(z) = I(- 3). (19a) 


The relation (18b) satisfies the symmetry conditions: 
A,°(z) = — A12°(— 2); 


I(z) = —I(— 2). (19b) 


ica 


Ae, cos ¥ cos 8, 


Fig. 2—The component of the vector potential A due to the current 
in a distant antenna (2) along antenna 1 when this is placed along 
the zs axis shown in the figure. 


Each of the two parts in (18), as written, respectively, 
in (18a) and (18b), leads to an independent solution for 
the current. The general solution is the superposition of 
the two. It is to be noted that the distribution of current 
that is obtained using (18a) and which obeys the sym- 
metry relation for current in (19a) is one in which the 
current is unidirectional through the center of the 
antenna. If a load is placed at the center a potential 
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Fig. 3—The functions g’ and g” for an unloaded receiving antenna of half length 4=)/4. g” is proportional to the component of 
current in phase with the electric field, g’ is proportional to the component in phase quadrature with the field if this is parallel 


to the antenna. 


difference can be established across it. On the other hand 
the distribution that is obtained from (18b) and which 
obeys (19b) is one in which the currents from the two 
halves flow simultaneously toward or away from the 
center reducing to zero at the center. Such a current 
can establish no potential difference across a load which 
is symmetrically placed at the center. If the load is not 
placed at the center of a symmetrical antenna the cur- 
rent due to (18b) is also significant in maintaining a 
potential difference across it. When the load is intro- 
duced in the following analysis it will be assumed that 
it is placed at the center of the antenna so that only 
(18a) is of importance in determining the current in it 
and the power transferred to it. Accordingly from the 
point of view of this load at the center one may write 
(18a) for Ayw® in (15). For convenience in writing (18a) 
will be denoted by A"*. Thus for the present analysis let 
Ai2® = 4] A12°(21) + A12"(— z1) | 

= Ky2e7 18% cos (B21 sin 1), (20) 
with the understanding that (18b) has been omitted. It 
is important to note, however, that the distribution of 
current along the antenna obtained using (20) is, in 
general, not the entire current at other points than the 
center. Distribution curves computed below give only 
the components of current due to (18a), but since they 


are computed only for the special case for which 
sin §=0, so that (18b) vanishes identically, they ac- 
tually represent the entire current. Upon substituting 
(20) in (15) with the notation 
q = Bsin (21) 
one has 
(07A 11/021") + BAuz 
= (j8?/w)21'T12— B2e~ #0 cos (gz1) [K122— Kas sin 91]. (22) 
Let the following shorthand notation be introduced with 
(17): 
U=- (jw(A 122° corel A425° sin 81)/8 cos? 81) 0 (23a) 
U = — jw(Kiez — Kiss sin 8,)e7#"/B cos? bh. (23b) 
The components of the vector potential in (23) are taken at 
2,=0, so that the function U is referred to the center of the 
antenna. Here U is dimensionally a potential difference 
measured in volts. With this notation and (21), (22) may 
be written as follows: 
(87A 11,/0217) + B’Aiz 
= j(8°/w) [T1.2'—BU(1— (q?/B")) cos gai}. (24) 
A formally similar nonhomogeneous wave equation was de- 
rived by Hallén? following a somewhat different method. 
The function U defined by (23) may be expressed in a 


or 


°? E. Hallén, “Theoretical investigations into the transmitting and 
receiving qualities of antennas,” Nova Acta, Royal Soc. Sciences, 
(Uppsala) vol. 11, pp. 1-44; November, 1938. 
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Fig. 4—The functions g’ and g” for an unloaded receiving antenna of half-length h=3\8. 


different way. Since the receiving antenna 1 is in the far 
zone of the transmitting antenna 2 the entire far-zone 
electric field may be derived from (7a) according to 
Ey, = — FWA 126, 

jell ein pla 


I 2! i822’ cos 62’ sin O2'dae'. 
An T1 


—h? 


(25) 


Here the components i, and Aig, are directed tangent 
to a great sphere about the transmitting antenna 2 along 
the spherical co-ordinate 62 with origin at the center of 
antenna 2. They are necessarily perpendicular to a radi- 
us vector drawn from this origin in any direction, in 
particular, perpendicular to a line r,=s drawn to any 
point on antenna 1. Because s is large all such lines are 
practically parallel to each other and to 7. The compo- 
nent of Ai, perpendicular to s is shown in Fig. 2. (The 
subscripts 12 on Awe, have been omitted in Fig. 2. They 
will be omitted below.) It is clear from the figure that 


(A1e29 — Aios® sin 61)2,~0 = (Ao,° cos ¥ Cos 1) 2,0. (26) 
Accordingly, with (25) and (23a), 
U =— jw(Ao,® cos ¥/B cos 61) 2,0 
= (Ep, cos ¥/B cos 61) 2,0. (27) 


(The subscripts 12 have been omitted from Eye,.) This 
is the form introduced by Hallén. It is often more con- 
venient than (23) because (25) is usually more readily 
evaluated, and also because Hp, may be measured experi- 
mentally. 

It is important to note that when the receiving an- 
tenna 1 lies in a plane perpendicular to the line ro joining 
its center to the distant transmitter that it is also per- 
pendicular to 71=s, so that, from Fig. 2, 

a; = 0; 


cos 6; = 1 (28) 


and from (21) and (27), 
U= (Eo, cos ¥/B) a=0. 


FORMAL SOLUTION OF THE DIFFERENTIAL 
EQUATION 


q = 0; (29) 


The nonhomogeneous wave equation (24) may be 
solved for An,° in the same way as has been shown.! 
Omitting the subscript 1 on 2 throughout, the comple- 
mentary function is exactly as before. 

A = — j/c[C, cos Bz + C2 sin B| z|] (30) 
after taking into account the symmetry condition (18). 


The particular integral includes a term in U in addition 
to that previously given with 3‘ as a factor. It is 


A, = Jef “I(s) sin B(z — s)ds — U cos |. (31) 
c 0 


It is readily verified by direct differentiation that (31) 
satisfies (24). Accordingly the general solution of (24) is 


Aue = =e, cos Bs + C2 sin B| 2| 
c 


=; of “T(s) sin B(z — s)ds + U cos ah. (32) 


If the antenna were driven at the center by a driving 
potential Vo’, the arbitrary constant C, would have the 
value $Vo*. Since Vo° is zero for the unloaded receiving 
antenna, C2 vanishes, and the solution simplifies to 


Aqy,° = =e, cos $2 
¢ 


_ of 4) sin B(s — s)ds + U cos ooh » (33) 
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Fig. 5—The functions g’ and g” for an unloaded receiving antenna of half-length h=\/2. 


Upon introducing the integral (4a) for An, in (33) 
and expanding this exactly as before,! one obtains an 
expression for J;, like (35) of reference 1 but with 
U cos gz appearing in place of }Vo° sin B| Fal . The value 
of Iy, vanishes at the ends where z=h. By setting 
2=h one obtains an expression like (36) in reference 1 
but with U cos gh appearing instead of $Vo* sin Bh. 
The final solution for I, is exactly like (38), reference 1, 
with U(cos gh cos Bz—cos gz cos Bh) written instead of 
4Vo°(sin B| z| —sin Bz). The same result was obtained by 
Hallén. 

By applying exactly the same method of successive 


approximations in powers of 1/Q where, as before, 
Q = 2 In (2h/a) (34) 


with @ the radius and 2h the length of the antenna, one 
obtains the following formula for 7, with all terms in- 


The functions S,(z) and Si(/) are given in the Appendix. 
The functions F,(z) and Fi(#) may be found in Appendix 
II of reference 1. For convenience let the numerator in 
(35) be denoted by 


m+ jul = neva (38) 

with #2! = cos Bz — cos Bh + m7/Q; nl = mH/Q; (39) 

and n= V(n!)? + (n¥)?; y, = tan-) (w/nl). (40) 
Similarly let the denominator in (35) be denoted 

D! + jD™ = Dei (41) 

with Di =cos6h+Ai/Q; DU = Aj/Q (42) 


and D = V(D))? + (D")?; yp = tan7“(D™/D1).(43) 
Also let g’ = n cos (Wp — Yn) (44) 

g” = msin (> — Yn). (45) 
Here g’ and g” are functions of z, whereas D is not. With 
this notation (35) becomes 


volving higher powers of 1/2 assumed negligible: T,= (4rU/ORD)(g + Je) =(U/300D)(a" +38). (46) 
7 sa [cos gh cos Bs — cos gz cos Bh] + (1/2) [mst + fat} (35) 
> OR, cos Bh + (1/0) [A + jAv] 


Here R,=+/1l/A =376.7 ohms. Just as before, 


AJ + fA? = Fy(h) (36) 
while, 
my -+ jm! = Fi(z) cos gh — Fi(h) cos gz 
-+Si(h) cos Bz— S1(z) cos Bh. (37) 


Thus g” is proportional to the component of current in 
phase with U and hence with the electric field at 
the center of the antenna; g’ is proportional to the 
component of current in phase quadrature with U and 
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Fig. 6—The functions g’ and g” for an unloaded receiving antenna of half-length h=5)/8. 


the field. In amplitude-phase-angle form one has 
I, = (U/30QD) | g| e® 
lel = VG" + IS 8 = tan (e'/s"). 


(47) 
(48) 


NUMERICAL SOLUTION FOR A RECEIVING ANTENNA 
IN A PLANE OF CONSTANT PHASE OF A 
LINEARLY POLARIZED FIELD 


In carrying out numerical computations using (46) 
and (47) only the important special case of a receiving 
antenna in the plane of constant phase of a linearly 
polarized electric field will be considered.’ This case is de- 
fined by (28) and the simplifying consequences are con- 
tained in (29). Subject to (28) the complicated function 
given in (37) reduces to the relatively very simple form, 


my" + jmlt = Fy(z) — Fy(h) (49) 


Curves showing the functions g” and g’ for use with 
formula (46) have been computed subject to (28). They 
are shown in Figs. 3 to 6 for the same lengths and 
thicknesses previously calculated for the driven an- 
tenna. (Reference 1, Figs. 7 to 10.) Curves giving 
V/(g”)?+-(¢’)? and 6=tan—(g’/g”) also subject to (28) 


3 Important aspects of the more general case are described in a 
companion to this paper entitled, “The receiving antenna in plane- 
polarized field of arbitrary orientation,” Proc. I.R.E., this issue, 
pp. 35-50. 


are given in Figs. 7 to 10. Values of the factor 1/30QD 
for the several cases are shown in Table I. Figs. 3 to 10 
with Table I completely characterize the distribution of 
current along a highly conducting, straight, cylindrical 
antenna of radius a and half-length / placed in the radia- 
tion zone of a transmitting antenna and oriented so 
that it lies in a plane perpendicular to the line joining 


TABLE I 
' 1 1 
h — ee 
H =8h 
(ead) 302D 6072D 
2=10 | 2=30 | @=10 2 =30 

0.25 1.571 23.64X10-3 | 23.62X10-3| 7.54X10-3| 7.531073 
0.375 2.356 4.64 1.57 1.48 0.50 
0.50 3.141 3.64 1.18 1.16 0.376 
0.625 3.927 5.61 1.66 1.79 0.529 


* h is the half-length of a symmetrical center-loaded antenna; @ isits radius; 
Q=2 In (2h/a). 


it to the transmitter; i.e., the antenna must lie in a 
plane of constant phase of a linearly polarized electric 
field. A comparison of these figures with the correspond- 
ing ones for a driven antenna as given! reveals that the 
distributions of current in the two cases are completely 
different. If account is taken of the factors 1/30QD or 
1/60QD the amplitude of the current for a constant ap- 
plied voltage in the driven case and for a given electric 
field in the receiving case is seen to increase as the ratio 
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Fig. 7—The amplitude function |g| and the phase angle 9 for an_unloaded receiving antenna of half-length =)/4; 


|g| is proportional to the magnitude of the current; @ is its angle referred to the electric field. 
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Fig. 8—The amplitude function |g| and the phase angle @ for an unloaded receiving 
antenna of half-length =3A/8. 
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Fig. 9—The amplitude function |g] and the phase angle @ for an unloaded receiving antenna of 
half-length 4=/2. 
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of h/a in Q=21n(2h/a) is made smaller by increasing the 
radius a. This may be expressed in terms of a decrease 
in impedance between two sufficiently closely spaced 
terminals in the driven antenna. In the receiving an- 
tenna an impedance in the conventional sense cannot 
be defined because the externally applied driving forces 
are distributed along the entire length of the antenna 
and not concentrated between two terminals which are 


I 
7 Za 0G ve 


Fig. 11—“Equivalent” circuit for a loaded receiving antenna. 


well within the near zone with respect to each other. It 
will be shown below that the receiving antenna can be 
replaced by an “equivalent” circuit from the point of 
view of the current at its center in which a fictitious 
lumped electromotive force is defined. It is important 
to note that the current in the receiving antenna is 
directly proportional to the factor 


U (volts per wave number) 


(Eo, cos ¥)/8 

(AEs, cosw)/2r. (50) 
Here Eg, cos ¥ is the component of the electric field due 
to the distant transmitting antenna (number 2) along 
the axis of the receiving antenna provided this lies in a 
plane of constant phase of the linearly polarized electric 
field. The factor U is measured in volts per wave num- 
ber, where the wave number is the number of wave- 
lengths per meter. The more general case which does not 
satisfy condition (28) must be treated separately. This 
has been carried out completely by Hallén? only for the 
limiting case of an infinitely thin antenna with matched 
load. It is considered in detail in a companion .paper.® 


THE DISTRIBUTION OF CURRENT FOR AN EXTREMELY 
THIN RECEIVING ANTENNA 


The approximate distribution of current along an ex- 
tremely thin receiving antenna is obtained from (35) by 
neglecting the terms in 1/Q in both numerator and 
denominator. With (29) it is 


I, = (j4nU/QR.)(cos Bz — cos Bh/cos Bh). (51) 


For the receiving antenna this expression corresponds 
to (53) in reference 1 for an extremely thin driven an- 
tenna. The two formulas are quite different but actually 
reduce to the same trigonometric form whenever 8h is 
an odd multiple of 7/2. After defining the current Jo at 
the center of the receiving antenna by setting z=0 in 
(51) one obtains forms for the receiving antenna cor- 
responding to (55) and (56) in reference 1 for the driven 
antenna. They are 
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Fig. 12—The functions p’, »”, |p|, and @ for a receiving antenna with 
a conjugate-matched load. 4=/4, Q=10. p” is proportional to 
the component of current in phase with the electric field, p’ is 
proportional to the component in phase quadrature with the field; 
|p| is proportional to the magnitude of the current; @ is its angle 
referred to the electric field. 


Fig. 13—The functions p’, p”, |p|, and 6 for a receiving antenna with 
a conjugate-matched load. #=3A/8; Q=10. 
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Fig. 14—The functions p’, p’, |p|, and @ for a receiving antenna with a conjugate-matched load. h=\/2, Q=10. 


Io = (j4eU/QR.)(1 — cos Bh/cos Bh) (52) 
I(cos 8, — cos Bh/1 — cos Bh). (53) 


The formula (51) is, of course, a good approximation for 
thicker antennas over the limited ranges of the variables 
82 and Bh for which the trigonometric terms in numer- 
ator and denominator of (35) are large compared with 
the terms in 1/Q. When Bh approaches an odd multiple 
of 1/2, cos Bh vanishes. Near such values one can write 
I, = (j4rU/OR.) { (1 — cos Bh)/(cos Bh 

+ (1/9)(Az + A))} (54) 
with (53) unchanged. Because the component of current 
in phase with U is always relatively small compared 
with the quadrature component except with # near odd 
multiples of \/4 when the distributions of both compo- 
nents are alike, the approximation (53) is a much better 
one for a receiving antenna than is (56) of reference 1 for 
a driven antenna. Moreover, one is usually interested in 
the current at the center of the antenna, and (53) is ac- 
tually a good approximation for J, for all values of Bh 
sufficiently below 27. With 8h=2z7, I, apparently be- 
comes infinite. Actually Z) simultaneously vanishes and 
I, remains finite. Since receiving antennas that satisfy 
(29) and which have 8h much greater than 4 are of no 
practical importance even when loaded at the center (as 
will be shown below) (53) with (52), or if required with 
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(54), is a reasonably satisfactory approximation for 
many purposes. 


THE DISTRIBUTION OF CURRENT ALONG A CENTER- 
LoADED RECEIVING ANTENNA 


In normal operation a receiving antenna is connected 
to a load impedance (which usually consists of a network 
of tuned circuits) either directly or by means of a trans- 
mission line. In some instances it is necessary or desira- 
ble to design the load and the antenna so that a maxi- 
mum of power is transferred from the distant transmit- 
ter to the load. In other cases the receiver itself is made 
sufficiently sensitive so that it need abstract only a 
negligible amount of power and practically all the power 
received by the antenna is reradiated. This case then 
reduces approximately to that of an unloaded antenna. 

Consider the general case illustrated in Fig. 11 of a 
receiving antenna placed in a plane perpendicular to the 
line joining transmitter and receiver. A load impedance 
Z, (which may be the input impedance of a transmis- 
sion line that is loaded at the output end) is connected 
across two terminals at its center. These are assumed to 
be sufficiently close together so that they are in the near 
zone with respect to each other. With the aid of the com- 
pensation theorem the analysis of this circuit can be 
reduced mathematically to that of an equivalent circuit 
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Fig. 15—-The functions p’, p”, |p|, and @ for a receiving antenna with a conjugate-matched load. h=5/8, 2=10, 


consisting of an unloaded receiving antenna with an im- 
pedanceless generator at its center. According to this 
theorem any impedance Z; which carries a current J) may 
be replaced by an impedanceless generator with an im- 
pressed potential difference or electromotive force Vz° 
equal to the potential drop across the impedance. That 
is, with 

Vie = IZ 1. (55) 
If this substitution is made the circuit on the right in 
Fig. 11 is equivalent to that on the left. 

By direct application of the principle of superposition 
the total current Jo is the algebraic sum of the current 
Igy due to the generator, and the current Joz due to the 
action of the distant transmitter as expressed in the elec- 
tric field & thus, 

Io = Ion — Iw. (56) 
The current Joy, due to the impedanceless generator, is 
the same as that in a driven antenna. Thus, 


Iw = (Vi*/Zo0) = Lo(Z1/Zo0). (57) 
Here Zoo is the input self-impedance of a center-driven 
antenna which has the same dimensions as the receiv- 
ing antenna under consideration.* With (55) and (57), 
(56) may be written as follows: 


4 Ronold King and F. G. Blake, Jr., “The self-impedance of a 
symmetrical antenna,” Proc. I.R.E., vol. 30, pp. 335-349; July, 1942. 


Ton = Io + Iw = Vi2((1/Z1) + (1/Zo0)) 

= I(1 + (Z1/Zo0)). (58) 
At any point z along the antenna the current J, is by the 
principle of superposition also the algebraic sum of the 
separate currents due to the electric field and due to the 
generator. Thus, 
(59) 
With (46) and (43) in reference 1 this may be expanded 


as follows: 
I, = (1/300D){ U[g"(z) + je’(2)] 


> luz —F Ly. 


— Wilf") +57 @)}. (60) 
With (58) and setting z=0 in (46), (55) becomes 
Vi? = Loz (ZooZ1/Zo0 + Z1) 
= (U/309D) [g"(0) + jg’(0) ]@o021/Zo0+Z1). (61) 


Upon substituting (61) in (60) one obtains the following 
general equation for the current in the loaded receiving 
antenna in terms of the real factors p” and p’ which are, 
respectively, proportional to the components of current 
in phase and in phase quadrature with U. 


I,=(U/30QD) (p" +3’). (62) 
Here U=(Es, cos ¥)/B=(dEe, cos p)/2r (63) 
b" tip" = [e"(2) +e’ (2) ]— (1/608D) 
(ZooZ1/ZootZ 1)(g" (0) +7g’(0))- [f”(2) +7f'(2) I}. (64a) 
The notation, | p l= VOV+0)?; 
6=tan™! (p'/p") (64b) 
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Fig. 16—The functions p’, p”, |p|, and 6 for a receiving antenna with a conjugate-matched load. h=5)/8, 9=30. 


will be used. Since Zoo contains 60Q as a factor, the 
second set of terms in (64a) is not negligible unless Zz, 
becomes sufficiently small. If the antenna is sufficiently 
thin (62) with (64a) becomes 


I,=(U/30 cos Bh) {7(cos Bz—cos Bh) 
+ (1/60 cos Bh) (ZooZ1/Zo0+Z 1) 
-(1—cos Bh) sin B(h— | z|}. (65) 


The distributions of current along a center-loaded re- 
ceiving antenna for several different loads, lengths, and 
thicknesses are shown in Figs. 12 to 18 in terms of the 
functions p’, p”, |p|, and 6. They were calculated from 
the general formula (62) using the distribution functions 
g’ and g” given in Figs. 3 to 6 and the distribution func- 
tions f’ and f” shown in reference 1, Figs. 7 to 10. 

If the load is conjugate-matched to the antenna so 
that ZL =Zo9* one has 


(ZooZ 1/Zo0 +Z1) = (ZooZo0*/Zoo + Zo0*) 
= (Roo? + Xo0?/2Roo) = (1/2Go0). (66) 


Figs. 12 to 16 were calculated using (66) in (64a). In 
Fig. 17 the load consisted of a reactance such that 
X1=—Xo. while the resistance was made very much 
greater than the self-resistance Roo of the antenna. In 
Fig. 18, X¥,=—~— Xoo while Ri, =0. Very considerable dif- 
ferences in the distribution of current are seen to exist 


in antennas of the same length but with different im- 
pedances at the center. In particular, whenever the an- 
tenna and its load are made self-resonant the distribu- 
tion of current resembles that along a center-driven an- 
tenna of the same length much more than that along 
an unloaded receiving antenna. This effect is increased 
if the load resistance is made as small as possible, as 
can be seen very readily from (64a). Clearly if the factor 
(Z00Z1/Zo0tZ1z)(g"(0)+72’(0)) in (64a) is made suffi- 
ciently large and predominantly real, the distribution 
function f’(s)+Jf'(z) may be made to predominate. 
This is precisely the distribution function for a center- 
driven antenna. It may be approximated by requiring 
Rr=0; X,=—Xo, i.e., by tuning the antenna; to 
resonance with a pure reactance connected across’ its 
terminals. The distribution of current for these condi- 
tions is shown in Fig. 17 for one length and radius. The 
importance of this fact for coupled antennas will be con- 
sidered in a subsequent paper. 

Since the functions g’ and g”, and p’ and p” are 
plotted in Figs. 3 to 18, a direct comparison of the 
amplitude of current for antennas of different thickness 
is possible only if these functions are multiplied by the 
factor U/30QD=)Ee, cos ¥/607QD. If the antennas 
(the currents in which are to be compared) are similarly 
oriented in the same electric field at the same frequency 
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Fig, 17—-The functions p’, p”, |p|, and 6 for a receiving antenna with a purely reactive load which is the 
negative of the input reactance of the antenna. h=5\/8, Q=10. 


multiplication by the factor 1/607rQD is sufficient. 
This factor is given in Table I for antennas of two thick- 
nesses and four lengths. In Table II are shown the 


TABLE II 
2h 
h/r Q =2In — |To| /AEg, cos y 
a 
0.25 10 9.35 X10 
: 30 8.10 
0.375 10 3.08 
30 0.92 
0.5 10 2,92 
30 0.82 
0.625 10 3,91 
30 0.98 


comparable magnitudes of the currents at the centers of 
unloaded receiving antennas of different lengths in the 
form |JIo|/AEs, cos y. It is clear that the amplitude of 
current is large near self-resonance and small near anti- 
resonance. Precisely self-resonant and antiresonant 
lengths are not tabulated. In Fig. 19 the magnitude 
| I,/hE¢, COs y| , 1s plotted for all antennas of half-length 
h=(5/8)d previously computed and separately plotted 
in order to make ready intercomparison of both magni- 
tudes and distributions of current possible under differ- 
ent load conditions and for different thicknesses but 
when immersed in exactly the same field. 


THE EQuIVALENT CIRCUIT AND THE EFFECTIVE LENGTH 
OF A LOADED RECEIVING ANTENNA ORIENTED TO 
LiE IN AN EQUIPHASE PLANE OF A LINEARLY 
POLARIZED ELECTRIC FIELD 


The relation (58) may be rearranged as follows: 
LozZoo = Ty(Zoo + Z1). (67) 
This equation gives the correct amplitudes of the cur- 
rent I) entering or leaving the load Zz, connected at the 
center of a symmetrical receiving antenna that is placed 
in the plane perpendicular to the line joining it to a dis- 
tant transmitter. Actually, however, it is also the equa- 
tion of the same antenna with the same load at its center 
but driven by an impedanceless generator as shown in 

Fig. 20. The electromotive force of the generator is 
Vo° = LonZoo. (68) 


Thus the forces acting on the charges distributed all 
along the receiving antenna in the actual circuit are re- 
placed in the “equivalent” circuit by forces due to a 
generator acting as a concentrated electromotive force 
at the center. For the purpose of determining the current 
Iy the two circuits are equivalent; but not for all pur- 
poses. For example, the distribution of current along 
the receiving antenna is given by (62), whereas the dis- 
tribution along the antenna in the equivalent circuit is 
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Fig, 18—The functions p’, p”, |p|, and @ for a receiving antenna with a load including a resistance of 1000 ohms 
and a reactance which is the negative of the input reactance of the antenna. k=5\/8, 2=10, 


given by (43) of reference 1. The two distributions are 
not at all similar and they lead to quite different electro- 
magnetic fields. That is, the power which would be 
radiated from the “equivalent” driven antenna would 
be transferred to different parts of the distant universe 
than is the power reradiated from the actual antenna. 
Whereas the fictitious electromotive force (68) is so 
chosen that the current Jp is the same in the actual and 
the “equivalent” circuits, the total power radiated from 
the driven antenna in the “equivalent” circuit is not 
equal to the power actually reradiated from the receiv- 
ing antenna. From the point of view of the power ab- 
sorbed in the load Z1, this is immaterial and the “equiv- 
alence” of the two circuits is entirely adequate. 

The electromotive force Vo* of the impedanceless 
generator in the “equivalent” circuit as defined by (68) 
is readily expressed analytically. Thus, with z=0 in (46), 

Vor = (U/30QD) [g"(0) + jg’(0) |Zo0. (69) 
It may be expressed directly in terms of the electric 
field using (29). Thus, defining a complex “effective” 
length, 2(h.”-+jh.') =2h./¢, for the antenna of actual 
length 2% one can write 
Vo°=2 | h.| Es, cos y-e?? 
. [g”(0) +78’ (0) ]Zo0 
60B2D 


(70) 
(71) 


with h.”+jh’=|h.| c= 


Here Zo is the self-impedance of the antenna as seen by 
a generator connected in place of the load. In most cases 
involving a linearly polarized electric field one is not at 
all interested in the relative phase relations between the 
electromotive force in the “equivalent” series circuit 
and the electric field parallel to the antenna. Accord- 
ingly the angle ¢ is of little or no consequence and it is 
adequate to compute as the real “effective” half-length 
of the antenna the magnitude | he| of (71). It is 


| he] = (| (0) || Zoo] /6082D). (72a) 
The “effective” electrical length is 
H, = Bh, = (22k.JW; (72h) 


The electromotive force in the equivalent series circuit 
then has the magnitude 

| Vor] = 2| 4.|| £o,| cos v. (73) 
It is easily verified by the application of Thévenin’s 
theorem at the terminals of the antenna to which the 
load is attached that (70) must be the open-circuit volt- 
age across these terminals. The effective length of a 
center-loaded, isolated antenna immersed in a plane- 
polarized electric field may be defined in general to be 
the open-circuit voltage at the load terminals of the 
antenna divided by the component of the electric field 
in the plane containing the antenna and the wave nor- 
mal (a line perpendicular to a wave front or surface of 
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Fig. 19—The amplitudes |(J/AE,, cos ¥)| for the antennas of Figs, 10 and 15 to 18. This figure permits com- 
parison of the actual amplitudes of current in antennas of the same length immersed in the same electric field 


at the same frequency. h=5/8. 


constant phase). This component is Es», cos y in the no- 
tation of the present paper. It is the component parallel 
to the antenna only in the special case defined by (28), 
i.e., when the antenna is itself perpendicular to the wave 
normal so that it lies in a plane of constant phase. For 
an indefinitely thin antenna using (54) of reference 1 this 
reduces to the real form given below.® 


he = (1 — cos Bh/8 sin Bh) = (A/27) tan (38%). 


5 The effective half-length or height of a symmetrical antenna 
(or the effective full length or height of a vertical antenna erected 
over a perfect conductor) has been defined to be /I,dz divided by Io, 
where J, is the total vertical current in the antenna structure at 
height z and Zo is the current at the point where power is transferred 
to or from the connected apparatus. This definition of “effective 
height” for a receiving antenna leads approximately to the simple 
special form (74) for an indefinitely thin antenna only in the special 
case of a load for which X_=—Xp0. Only in this case is the simple 
distribution function I,=J» sin B(h—|s|) a moderately good ap- 
proximation in a receiving antenna, and it is this function which, 
when substituted in (fJ.dz)/Io, gives (74). It has already been 
pointed out® that it is possible to define an effective height for a re- 
ceiving antenna in terms of (/J.dz)/Jo using the correct distribution 
of current for an unloaded receiving antenna. But the effective height 
so defined does not, when multiplied by the component of the electric 
field parallel to the antenna, give the electromotive force of a ficti- 
tious generator in series with a simple circuit consisting of the load 
and the input impedance of the antenna as a driven antenna, as does 
that defined by (71) (or approximately over a limited range that 
defined by (74) in the special case defined by (28). 

® Ronold King, “The approximate representation of the distant 
field of linear radiators,” Proc. I.R.E., vol. 29, p. 461; August, 1941. 


(74) 


Formulas (72a) and (74) are plotted in Fig. 21. It is 
important to note that the simple form (74) is a good 
approximation even for thick antennas for lengths suffi- 
ciently below h=)/2. The maxima of (72a) occur at the 
antiresonant lengths as obtained from (29b) of reference 
4, Using the “effective” half-length given by (72) or 


Eg, cos ¥ { 
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Fig. 20—“Equivalent” circuit of a loaded receiving antenna 
for determining current in the load. 


where the approximation is adequate, by (74), the elec- 
tromotive force in the “equivalent” series circuit of the 
receiving antenna is readily determined from (70) or 
(73) if the component of the electric field parallel to the 
antenna is known either from computation or by meas- 
urement and the antenna lies in an equiphase surface. 
It is important to point out again that the above 
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relations are valid only if the receiving antenna is (1) in 
the radiation zone of the transmitter and (2) in the plane 
perpendicular to the line joining receiving and transmitting 
antennas or more generally, perpendicular to the wave 
normal. The effective length of an antenna which satis- 
fies (1) but not (2) is considered in a companion paper.* 


MAXIMUM TRANSFER OF POWER TO THE LOAD 


The condition of maximum transfer of power to the 
load in the “equivalent” series circuit is that of a con- 
jugate match as defined by Z,=Zpoo*. In this case the 
total power supplied to the load is given by 

Py, = 4 Vo? |2/4.Roo) = (| Ep he 2 cos? wv/Roo)- (75) 
Here Vo’ and Zo, are root-mean-square values. With (72) 
this reduces to 


P, = (Es, cos ¥/608QD)*( | g(0) |2/Goo); 


| g(0) | = Vv [e’(0) ]? + [e”(0) ]2. (76) 
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This may be written in the form 
Py = ((E¢,d cos w)?/24077) f(A) (77a) 
with f(HZ) = (60| g(0) | /(602D)*Goo). (77b) 
For an indefinitely thin antenna, for which (74) may 
be substituted in (75), one can also write 
Roo = Rnt/sin? H. (78) 
Here R,,* is the radiation resistance referred to maximum 
sinusoidal current as plotted in Fig. 21! in the curve 
marked Q= 0. The abbreviation H=8h is used. With 
(74) and (78) used in (75), 


Py, = (£», cos ¥/B)?-((1 — cos H)?/Rm*). (79) 

This may be written in the alternative form 
Py = ((Eo,d cos w)?/240r°) f(H) (80a) 
with f() = (60(1 — cos H)?/Rn*). (80b) 


This is equivalent to the result given by Hallén’s,? 
formula (45) for the special case defined by (28). Curves 


Fig. 2i—The effective half-length |/,| of center-loaded cylindrical antennas of half-length h, or 
the effective length |4.| of base-loaded cylindrical antennas erected vertically over a per- 


fectly conducting half space. 


34 Proceedings of the I.R.E. 


bet 


Fig. 22—The function f(#/A) which is proportional to the power transferred to a 
conjugate-matched load in a center-loaded receiving antenna. 


of f(A) as a function of H as computed from (77b) for 
three thicknesses as defined by 2=10, 20, 30, are shown 
in Fig. 22, together with the curve computed from (80b) 
and defined by Q=o. It is seen that the optimum 
length for transferring a maximum power to a matched 
load is somewhat below the half length h=(5/8)X and 
more than twice the self-resonant half-length near h=\/4, 
which gives maximum currents with no load. Moreover the 
power transferred to the matched load is greater for 
thick than for thin antennas. 


APPENDIX 

S1(z) = —(cos gz—cos gh) In (1—2?/h?) 
+4 cos qz[Ci(B+4q)(h+2) +Ci(B—9)(h—2) 
+Ci(B—9)(h+2)+Ci(8+9)(h—2) 
+jSi(B+9)(h+2) +jSi(B—q)(h—2) 
+§Si(B+q)(h—2)+jSi(B—9)(h+2) ] 
—} sin gz[Si(6+¢)(k+z)+5i(8—9)(h—z) 
—Si(B—q)(h+2) —Si(B-+q)(h—2) 
—jCu(B+9)(h+2) —jCi(B—9)(h—2) 
+jCi(B—q) (h-+2) +7Ci(8+ g) (h—2) ] 
—cos gh[Cig(h+z)+CiB(h—z) 
+5SiB(h+2)+jSiB(h—z) | 


ie jArzth [ gz—cos 82) 


R. h(p6?—q*) 
_ 608 gh a | 
oh (1—cos Bz) (81) 
S:(z)=0 for g=0 (82) 


Si(h) =} cos gh[C72h(B-+q) +Ci2h(B—q) +jSi2h(B+4) 
+jSi2h (8—q)|—4 sin gh[Si2h(B-+g) —Si2h(B—g) 
—jCi2h(B+9q) +jCi2h(B—g) | 
—cos gh[Ci2Bh+jSi2ph] 

. =P gh—cos Bh) 


R. h(p?—q?) 
ai ek) | (83) 
_ — cos . 
Bh 
S:(h)=0 for q=0. (84) 
= sin u 
sie= f du (85) 
0 u 
= = 1—cosu 
Cie= f ————— du (86) 
0 u 


zis the internal impedance per unit length of the an- 
tenna. 


